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| A CONTRIBUTION TO THE THEORY OF IONIZATION
WAVES IN THE POSITIVE COLUMN OF A
GLUW DISCHARGL

harel nolacek
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The energy averaging of the Boltzmann-Vliasov kinetic ~quition
ie rerformed for small discharge currents in a vne-dimensinnal
averoximation on the assumption thal the velocity distributinn

e the electrons is near ton the Maxwell distribution.

1. INTRODUCTINON
Nne nf the starting equations of the ivnizing waves' theory
developed at the Fhysics Institute CSAV in Prague is a linearized

energy transfer equatiovn (see /1/)

(1) : P4 a9=bie,

0z
where "z" is the discharge axis (its puositive directiovn here is
from the cathode tn the anvde -~ for this reasvn in the equation

thermal

(1) the signs are changed), ® and "e" are electrun
deviations exvressed in energy units and Llongitudinal electrical
field intensities ' deviativns from a state vf equilibrium.
This equation was nbtained by Llinearizing the Granovsiy /27
equatinn for the energy balance nf electron collisions.

In this wor the energy transfer equativn is exactly deduced

from the Boltzmann-Vlasnv ikinetic equation for electrouns

(2) (af' + V[ + ; VJe = [Z{]

for a case uf quasi-Maxwellian electron velocities distributinn
for small discharge currents in a uni-dimensional aporoximatinn
(not applied tv nvn-hvmogenevus elements in the radial direction).
In the equation (2)~} is a partition function of the electruns
velocities, "t" is tlﬁe. "c" is instantaneous velocity, V., 7,

are operators in the cvordinates and velovcities' sub-space of

the phase space, F, is the force acting upon the electrons, m

e e

is the mass of electron.[&ka/gk ] is the collision member which

FilU=-1U(RKs ) 1=-1820=-T706 e




expresses #m the interaction nf electrons among themselves and

with all the other particles.

2., DEDUCTION OF THF FQUATION FOR THF TRANSFER
ENFERGY OF FT.FC’Iij)NS.
Under laboratory conditions 3? Low pressure plasma let us
assume that the partition function fe appears in the following

manner (as in reference /3/)

(3) f. = K, exp {—yom[(c, — u) + ¢} + 1)}

- | 3
Ke /4'6«7; s "k" is the Boultzmann covnstant and Te is the electrun

temoerature, c¢j is the i-th element of instantanevus velvcity and
uo is the "carrying away" velocity of the electruns (in the

direction of the "z" axis). The constant Ke is introduced as a

standard for the concentration Ne

N, = J.dC.
©

Using the method of reference /3/ it is possible to demonstrate

that 8 o (2!{"")3/2
(u‘) e e x
In vrder to nbtain the electrons energy transfer equations, we
have tv multiply equation (2) by a quadruple vf the instantaneous
velvecity "e" and integrate thrvughout the velocities' sub-space in
the vhase space (see alsv /3/): .
(5) j %eac+ f (eV,) £, dC + f c'(fl v,)/,dC—- j c’[—aff]dC-

« Ot © @ \Me © t
The first two integrals on the lLeft side of this equatlon may be
calculated simply by expressing the instantanevus velocities in
spheric coordlnatei} carrying ovut the suitable substitutions, deve .

Lloping in series and by Limiting (with a precision of 3 significant
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figures) nurselves ty its first member (see addendum).

g the

. The integration method chvsen explains sshneglect uvf the ikine-
tic energy uf the "carrying away" velvcity of the electruns as

e
compared to the thermal enargy. If we denote

(6) T, =0,

we shall obtain

(7) fi e glnn,
(8)

f (ev)fdc= 2101 x o, .

© 6z 3 m,

When calculating the third integral we have to make an
agsumption about the acting forcess in the case of the usual
conditions in the positive column glowing discharge Fo is the
Torentz force given by the equatiovn

(9) "r,=_q;£—f’?[cxu],
Co

where -qO is the electron charge, "F" and "H" are intensities of
the electrical and magnetic fields, C, is the velovcity of Light
in vacuum, By a procedure similar tv the calculation nf the above
mentioned integrals we may easily obtain the following (see the

addendum)

F 2
272y, )f,dC = — = qoNeu.E .
(10) jmt (m, )/ m, 4

The integral on the right side exoresses the covling or heating

of electrons by the action of collisions. Tater we will provide
tiis equation with an approximation expression and for this purpose
we will establish which processes we shall take intn account

and which we shall neglect. In the meantime let us pvint nuts

(11) I ,z[él-]dcgh.
@ &t m
- If we substitute the expressions (7), (8), (10) ad (11) in (5)

FID=1D(RS)I-1826-76 -3-




and snlving for m9/2 we nbtain the following equation

(12) 5

3
By further arrangements and with the aid of the electrons cuonti-

-4 (N.O) + 2 (N.Ou,) = goNu,E + A.
ot 0z
nuity equation

. |
(1 3) 'é"" + div ([\,u,) = ~6~'—

/
(where ET&(. expresges the creation and extintion of electrons
ot
by ivonization and recombinativn resvectively) , we vbtain the final
energy transfer equations
1aN® i, 1 BN, 1

e JOSE - 0T — 4.
N, é: az N, & N,

(14) o+ nl® g - g,
Its' right side we Interpret as follows: The first member expresses
heating by Joule tyve heat, the second expresses covling (vr heating)
by expansion (or compression), The third expresses cuvling (or
heating) provided by the svace gradient of the electrvns “carrying
away" velvcity, The fourth member expresses covling caused by
neating of cold electrons (just created) tv a glven temperature
(=increase of their tinetic energy tv the mean ikinetic energy of
the remaining electrvns), the fifth member exvresses cwoling or
heating wfm of electrons under the influence of collisions
and /.oolllegibleses/

a)ecovling by elastic collisions with heavy particles, b) covling
by charging (or stepwise charging) uvf neutral (or charged, or

ivnized) varticles, d)heating by collisions of other kinds.

Tet us write furthers
(15) A= -N.f.:“.qu. -

where a, is the frequency of the k-th order of collisivn for

ol




one electron and quK is the energy consumed (or galned, then Uy
will be negative) during vne such collision 0f the k-th ®rder. Thus

we shall obtain the equation (14) in the following forms

(16) N é0 e , . ¢NO . du, o 8N, 24,q,U, .
eyl N.E - ju, —*— — §N O o N, Z“qu &
‘Neéo 5 6z i * 0z g éz St x -

3.TLINFARIZATION OF THE ETECTRON ENERGY TRANSFER
FQUATION AND DISCUSSION
let us assume such a plasma disturbance where the magnitudes
in the pvsitive column are modified in such a manner that their

values becomes N,=N,+n,, |n]|<N,,
@=90+9, Isl<60, a = A .*.g:_‘s
(17) E=E+e, -Jd =& Pl

(the sub-index p denotes the values in the houmvgeneovus positive
column). Fquation (16) fur the homogeneovus column has the following
forms

‘lo"eNcoEo = N, Zﬂhoqu‘ =0.
(18) <

Tet us substitute the relationships (1?) in equation (15), substract

(191) equatiovn (18) and after rearranging we obtains
- 0
a1 Ts +No) ?35 qoU.9 = gt N,oe + qou Eon, + an. -
1 cz kK ¢O — {u,0 a_' - N, O
Z 'z

in :
From here it is evident tha%the analovgous equation (1) only

Ne— + ;N,u,

cu, 8N,

- n, };a,oqou, -0 "
the second and third left side members and the first member on the
right side of that equatinn are taiken intv account, that is, the
derivation with respéet tv time and the members related to the
variable count of particles have been neglected.

For further discussion we must express the "carrying away"

voloeity. We shall use for this purpvse the continulity equation

(13). Thus it is valids

Nu, = ~D, grad N, - Eyu,N,

-5-




(where Do and‘}kp are diffusion cvefficieant and the mobility of
electrons, respectively),
also

e D, on,
(20) ¥ N, oz

- nE.

Then from equation (19) it follows that if we consider Dy as a
constant and disregard various fartkrtz furbher causes contribu-
ting to the "carrying away" veloucity Ug which are present in

equation (20)! we will not get in equation (19) any member expre-

—

gssing thevéiffuslon{bgét of electrvns caused by the temverature
eradient (that is, a member containing '919(3)2:7’ ) but svlely
a member exvressing the electrvns thermal diffusion caused by the
gradient of particles' count (that is, a member containing

R 394 *

N Z ). The member containing ////z may be vbtained
anly,by precising the expression (20) for the "carrying away" veloci-
ty. et us consider if it is possible tov maike this equativn more
accurate by these twon methodss

1. By expanding ue by vne more member, by the component of the
carrying away" veloucity related tv the electrons®' thermal gradient

(of the type (-1/Tq) grad DTTe). The mechanism
of heat diffusion of the electrons is of two types /4/
a) transfer of kinetic energy by collisions of the electron-electron
types but because these cullisions take place in a low pressure
plasma at small currents they are unlikely tov nccur and may be
neglected. b) Penetration of electrons from higher levels of mean
kinetic energy into Lower mean kinetic energy levels; this manner
of diffusion is given only by the cuncentration gradient which is

included just in the "carrying away" velocity.

-6 -




2. By considering the dependence vn temperature of De (thermal
diffusion - see /5/) where the mobilityJK e can be cvnsidered
in first aporoximation as constant (this may easily be generalized),
also De in the expression ;Jg :;/;AGJ(A;—E;)/%;‘ igs a Llinear
/ o

function of temperature, then

1 éD.N
U, = — — ———= — uE,
N, oz

ou, _ D, (6) _ED,_ 1aDin, D Pn, e

hus - F Pl 2
thu 2 NNz a2 N oza: Noom M3
and because D, = D(6(z)), ****°*
we have
éu, D, (on\* éD,3°6 1 6D, 25 an. D 3% 7
(21) # M\n) i R oMo
2z 2\ é: 00 éz* N,00 6z 0z N, ¢z2 ‘oz

From this we see that the fourth member vn the right side
of equation (19), when a Linear dependence on temperature is con-
sidered for Dy , indicates besides vther processes alsv the electrons’

thermal diffusion under the influence vf a temperature gradient
(second member) and the particles® count gradient (fourth member
uf exoression (21). By nther processes we mean here a devendence
mperature
on the total time variation of the electrouns'y™ = on the gra-
dient of electric fleld deviation from the equilibrium state, on
the particles' count gradient and vn the mixed relativnships with
the particles' count gradient and the electron temperature
gradient.
L. CONCTUSION

For small discharge currents (up to;31OmA/cm2) we performed

in a uni-dimensional approximation an energy averaging ®vf the

Boltzmann-Vlasov kinetlc equativn assuming a quasi-Maxwellian

electron velvcities distribution. We deducted equations which




corresvond with equation (1) and have considered a method for
a further apvroximation. In conclusion the author thaniks M.Sichov
CeSCey VeVesely and T.Pekarkov C.Sce for their valuable suggestinns

and V.Fuchsov for, besides, a careful proovfreadine and comments.

ADDENDUM

Catenlation of integrals.

1. J CZQ}dC-' as a cvnsequence vf indevendence of
@ ©t

time, conrdinates and instantaneous velocity we may, after snlving

for ?92 (3) and (%) and substituting

() ¢, =Ccos8d, c,=Csindcos¢p, c3=Csindsing

write J' & /. dc = ~~N Yem,
© Ot 5 j j
c=0Js=0J)p=0

where . Cle7emeC? gheosd €2 Gin 9 dC dY de . g7 vemen?
h =
(n2) V= 2y.m,C.
i From the relationship li 2 goN.Ju] we obtain

the magnitude vf the "carrying away" velocity of the electrons;

for the density of the current i.z,1OmA/cm2 and concentration

N_. ~ 1010 em=3 we ovbtain u

e ~ 10%m/s. Further for T, 10% YK we

e ‘e

arrive at Eérngno-lé sz/cmz. From here we see that the factor

o 2
(D3) et L - f"l;'-'" Fon il

By carrying the integration throughcpand substituting cnszg =g

32 1
J' @ Yedc = 2 mn, ("—"l') : J' = c‘c-h"v"[ & dsdC.
@ O at n c=0 s=-1

we obtain

FID-1D(KRS)1-1826=T76 8=




1 h“ s
integrating through "s" e ds = 2 obk=2¥
— _h =0 (21 4+ 1)!
O ) ) 5 3/2 2 21 x =
and then with (D2) Hf%dczaaan,’”W) 2y hmJ-u“[ 2143 o= 3emeC? gC
@ ¢t Gt n i=o(21 + 1)t Jo
o0 s 000
fter integration A 3 =9
i [. c? .(f."d(‘ -l L 2+ 3 (29,m) 1 w? .
© ct (’ (’I)"

solving the argument for the L-th member
~ 10—314”

(2.’,;’”..)'—1 21 ~ (|0~ IS)I- 1 .(loh)zl ~
that is, each following member is by 3 orders smaller than the
i= If we intro-

ty Limit ourselves ton /=0,

preceding and it suffice

duce (€) we get:
J- Y ac - f ( N 9)
(©

substitute

2. S (V)fedC1  ig calculated by determinime ° rom (3
©

calar effects and then

and (4) and writing out the
in (D1), then (D2) and (D3) obtaining

/2 X 2x
¢*(eV,) £, dC =N, ()’.'”v) {QJ j.j CS e 7emeC ¢ sin 9 cos 9dCdIde +
«©) LS czJo JoJo
emeCleheosd (132 9 cos ¢ dC dI dg +

x frfr2x
+ a_j l.j‘ Ce?
0x JoJo)o
2r :
Coe 'm,C:c‘.ro\d smz 9 sin ¢ dCdid d(p}

e
V +>a—.[x/J’an 7
dy JoJolo

———

will be elimi-

Eoth the latter integration members through ¢
in the precedinge

nated and the first member we svlve fully a

' case. Thua we have
c}(cV,) £, dC = S N, Ou,).
© 0z \ 3 m,
o000
FID--ID(RS)1-1826=T6 L)
— = P —




F
(e v, )f. dC . ‘ } L
Fe Joo \Me we first simplify the integration

by varts (see reference /3/ for details)

F Y
J C: (_i \"_)f' dC = - .24 CF f dC'
(c) m, m, () S ’

talkineg frnom the relationshin (9) and assuming that

((cf“[cxfﬂ)::O, we obtain by writing

Co
sut the scalar effects, again fér three members, of which only

the first nne is of the zern tyve (by integratinn through *f).
Thus we solve again as in the case 1. and obtain

[ c2<F' V. |f.dC = — - qoN i E .
Jeay \Dle m

L4
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